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Dynamic and Elastic Properties of F-Actin: A Normal-Modes Analysis

Daniel ben-Avraham and Monique M. Tirion

Department of Physics, Clarkson University, Potsdam, New York 13699-5820 USA

ABSTRACT We examine the dynamic, elastic, and mechanical consequences of the proposed atomic models of F-actin, using
a normal mode analysis. This initial analysis is done in vacuo and assumes that all monomers are rigid and equivalent. Our
computation proceeds from the atomic level and, relying on a single fitting parameter, reproduces various experimental results,
including persistence lengths, elastic moduli, and contact energies. The computations reveal modes of motion characteristic
to all polymers, such as longitudinal pressure waves, torsional waves, and bending, as well as motions unique to F-actin. Motions
typical to actin include a “groove-swinging” motion of the two long-pitch helices, as well as an axial slipping motion of the two
strands. We prepare snapshots of thermally activated filaments and quantify the accumulation of azimuthal angular “disorder,”
variations in cross-over lengths, and various other fluctuations. We find that the orientation of a small number of select residues
has a surprisingly large effect on the filament flexibility and elasticity characteristics.

INTRODUCTION

Actin, an assembly-triggered ATPase present in all eukary-
otic cells, is involved in cell transport, cytoskeletal support,
and contractile events. In non-ionic solutions actin exists in
a monomeric form called G-actin. In the presence of traces
of salt, such as found in vivo, actin monomers polymerize
into helical polymers called F-actin. As actin functions only
as a polymer, much effort is directed to understanding and
characterizing the properties of this filament. Further-
more, recent experiments provide compelling evidence
that a large fraction of the sarcomere compliance resides
in the thin filaments (Huxley et al., 1994; Wakabayashi
et al.,, 1994), and hence a theoretical derivation of the
longitudinal, torsional, and bending stiffness of actin fila-
ments is well warranted.

The sequence, and presumably therefore the structure, of
actin has changed little over the course of vertebrate evo-
lution. The sequence similarities of actin found in mammals,
birds, amphibians, and fish is over 90% (Doolittle, 1990).
Natural selection, in other words, has selected a very par-
ticular set of structural characteristics that permits this pro-
tein to fulfill its functional roles. A particular structure gives
rise to a unique dynamical spectrum: the internal flexibility
and mobility characteristics of F-actin are uniquely deter-
mined by its intermonomer and intramonomer interactions.
To date, however, analyses of the mechanical properties of
actin have largely relied on simple “wire” models: actin fila-
ments modeled as homogeneous cylinders. This permits the
components of an overly simplified tensor of elasticity to be
deduced from experimental data. However, such a macro-
scopic approach ignores a potentially vast range of motions
and flexibilities that result from the particular three-
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dimensional atomic models of the filament and that are
unique to F-actin.

We study the dynamic, elastic, and mechanical conse-
quences of the proposed atomic models of F-actin, using a
normal mode analysis (NMA). A NMA is appealing because
it is easy to implement, proceeds from the atomic structure
of the model, and presents results in terms of simple vibra-
tional mobilities that are readily visualized and understood.
The use of normal modes as a reliable analytical tool has been
demonstrated by the ability to reproduce crystallographic
temperature factors with a finite set of modes; such analyses
indicate the extent to which atomic mobilities are a result of
intramolecular versus intermolecular, or lattice, vibrations
(Diamond, 1990; Kidera and G6, 1992). Recently Faure and
co-workers (1994) analyzed the distinct diffuse x-ray scatter
from lysozyme crystals, using molecular dynamics and nor-
mal mode analyses. They found that, in vacuo, normal modes
reproduce the diffuse scatter patterns more accurately than a
molecular dynamics simulation. (They did not attempt the
analysis in a solvent environment.)

In this initial analysis of the dynamical spectrum of
F-actin, the computation is carried out in vacuo and disre-
gards the internal flexibilities within the actin monomers.
Although these restrictions will be relaxed in future work,
initial results are encouraging. We reproduce the regular
modes of continuum “wire” models (torsion, stretching, and
bending), plus the associated coefficients of elasticity. These
parameters, in turn, may be used to predict the deformations
induced by external torques and forces, such as imposed,
perhaps, by myosin. Beyond the “wire” modes, we compute
a rich variety of motions that are unique to actin and that
depend on the details of the atomic models. In this respect,
we find that the analysis is sensitive to the orientation of a
few key loops and regions, such as the DNase I-binding loop
and the 262-274 “plug.”

F-actin structure

The F-actin helix possesses a rise per monomer of 27.5 A and
a rotation angle of —166.15° per monomer around the fila-
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ment axis (assuming a 13/6-actin helix with a repeat of 35.75
nm). Thus the genetic helix is left-handed, but, because the
rotation per monomer is close to 180°, the structure has the
appearance of two right-handed long-pitch helices that
slowly twist around each other.

The crystal structure of rabbit skeletal G-actin complexed
with bovine pancreatic DNase I is known (Kabsch et al,,
1990) and is closely similar to the structures of monomeric
actin complexed with gelsolin (McLaughlin et al., 1993) and
profilin (Schutt et al., 1994). Atomic models of the F-actin
filament have been developed (Holmes et al., 1990; Lorenz
et al.,, 1993; Tirion et al., 1995). Structural data of F-actin
obtained by x-ray fiber diffraction from aligned gels (Popp
et al., 1987), extend to ~7-A resolution; hence a unique
model of the actin filament does not exist. Indeed, recent
experiments suggest that actin may exist in different con-
figurations, depending upon the identity of the bound cation
and state of the nucleotide, for example (Orlova and
Egelman, 1992, 1993).

The original model of F-actin, developed using four ad-
justable parameters, assumed that the structure of the mono-
mer does not change upon incorporation into the filament
(Holmes et al., 1990). Subsequent work has shown that minor
modifications of the initial model significantly improve the
R factor, the fit of the computed diffraction pattern to the
observed x-ray fiber diffraction data. Refinements and bio-
chemical data indicate that the nucleotide binding cleft closes
upon incorporation into the filament (Lorenz et al., 1993;
Tirion et al., 1995; Miki and Kouyama, 1994). The DNase
I binding loop in subdomain 2 and the COOH-terminal re-
gion seem to be rather flexible and are not uniquely oriented
by the refinements.

Holmes et al. have hypothesized that a hydrophobic
loop or “plug” straddling subdomains 3 and 4 extends into
a hydrophobic hole in the opposing strand to stabilize the
F-actin structure (Holmes et al., 1990). This assertion is
not inconsistent with the fiber diffraction data, but it is
not proven by site-directed mutagenesis experiments
(Chen et al., 1993). We do not favor any particular model
of F-actin, but rather report on the mechanical, dynami-
cal, and elastic consequences of each proposed model.
Our analyses of different models indicate that the orien-
tations of a few loops have dramatic effects on the flex-
ibilities of F-actin.

Normal modes

An NMA describes small-amplitude harmonic oscilla-
tions about a single, equilibrium configuration. It requires
(a) defining the degrees of freedom of the assembly and
(b) determining a potential energy that is quadratic in
these degrees of freedom. In practice, the potential energy
is minimized and a quadratic form is obtained through a
Taylor expansion about the minimum. In this study, we
treat the filament as being built up from rigid actin mono-
mers and allow each monomer six independent degrees of
freedom (three translations and three rotations). For the
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potential energy, which describes the intermonomer
“bonds,” we first identify all atom pairs that are within
a certain cutoff distance between neighboring monomers.
A harmonic energy function is then defined that is a func-
tion of the distances of separation; each interaction is
treated equivalently.

The atomic model of F-actin is derived from 7-A fiber
diffraction data, and hence the orientation of side chains,
especially at the surface, are not uniquely resolved. However,
the surface residues determine the noncovalent intermono-
mer interactions, or “bonds”. Our formulation of the potential
energy broadly reflects the surface areas and orientations of
the bonds, and does not require specification of the exact
nature of the electrostatic interactions, which, at this point,
given the limited information on the surface-residue ori-
entations and role of solvent in forming the intermonomer
bonds, would be unjustified. (As the details of the atomic
model of F-actin improve, this formulation can be ad-
justed). In addition, the energy function that we use is
already minimal at the atomic configuration of the pro-
posed models. This allows us to proceed from the pub-
lished atomic configurations without initial modifications
of the structures.

Macromolecular assemblies, because of their size and
complexity, are difficult to characterize, both computa-
tionally and physically. Here we present an initial attempt
to compute the mechanical, dynamical, and elastic con-
sequences of a proposed macromolecular assembly, based
on an atomic, structure-based analysis. In restricting our-
selves to rigid monomers, relevant features of actin mo-
bility will undoubtedly be ignored, and the usefulness of
the computation must be judged in terms of how suc-
cessfully certain properties, such as bending and stretch-
ing rigidities, are reproduced. By further refinement of
the model, such as inclusion of internal degrees of free-
dom within the monomers, it may be possible to better
understand which filament characteristics are a conse-
quence of which physical properties. Similarly, the re-
striction of our analysis to vacuum, ignoring hydrody-
namic effects, will affect the time scales of the computed
motion (motion is overdamped) and possibly the nature
of some modes. However, bearing in mind that both crys-
tallographic temperature factors as well as diffuse x-ray
scatter is well reproduced with normal mode analyses, it
seems that the solvent does not dramatically alter the
appearance, or eigenvectors, of the low-energy modes
(which contribute most to the observed temperature fac-
tors and diffuse scatter). Among these modes, we iden-
tify, for example, a groove-angle swinging motion of the
two long-pitch helices, as well as an axial slipping motion
between the long-pitch helices.

In the next section (Method), we show in detail how the
general theory of normal modes can be applied to F-actin. It
should be borne in mind that the ideas presented here are
quite general and can be adapted to other periodic structures
with only minor modifications. In subsequent sections, we
describe and discuss our findings for F-actin.
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METHODS

We analyze the normal modes of a fiber using standard techniques of Clas-
sical Mechanics (Goldstein, 1980; Marion, 1970; Levitt et al., 1985). We
start by selecting a convenient set of generalized coordinates, {q}.

Dynamic variables

Because the fiber is made up from monomers, it is natural to index the
generalized coordinates with two indices, g,,. The first index, n, denotes the
monomer in question, and the second index, v, indicates a specific degree
of freedom available to monomer n.

A minimal set of a monomer’s degrees of freedom should include three-
dimensional translations and rotations of the monomer as a whole. Em-
ploying such a minimal set amounts to the assumption that the G-actin
monomers are rigid. The internal flexibility of the monomers can be taken
into account in various ways. One straightforward, appealing approach is to
use the slowest normal modes of motion found for G-actin (Tirion and
ben-Avraham, 1993). In this fashion, F-actin is understood as a periodic
chain of fanciful springs, each of which may oscillate as described by the
slowest modes of G-actin. In this paper, however, we report preliminary
results (in which the degrees of freedom per monomer include only overall
translations and rotations. The internal flexibility of G-actin is taken into
account, loosely, through the adjusting of the phenomenological potential
energy of contact between monomers.

We describe the motion of monomer n with respect to its own set of
Cartesian coordinates. The set of coordinates for the (n + 1)-th monomer
is obtained from that of the ath monomer:

Xo+1 Xy
Yarr | =Ul 3 | +Z, (¢Y)
241 2y

where U is the rotation matrix used to construct the filament (Holmes
et al., 1990) and Z = 27.5 A is the rise per monomer.
The six (minimal) degrees of freedom of monomer n are chosen to be
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Here g,,, q,,, and ¢, denote parallel translation Ar, = (x,, y,, 2,)
and g,,, ¢, and g, represent axial rotations of angular magnitude
a,, B,, and v, around the x,, y,, and z, axes, respectively, about the
center of mass of monomer n. The various values of g are defined
as changes from the equilibrium configuration, so that at equilibrium
qnv = 0’

The normal modes of the fiber will reflect its periodic structure. Thus,
without loss of generality, we may write

9., = g,€™, 3

where ¢ is the phase lag in the motion between adjacent monomers.

General theory of normal modes

Given the set of generalized coordinates, the potential energy, E,, can
be approximated by a quadratic expansion:

1 1
E,=3 2 GuFumpln, = 5 4'Fg, )

fy,mp

where the dagger represents the transpose operation and the F elements

Dynamic and Elastic Properties of F-Actin 1233

are

PE
anmp. =i ( —L) v (5)
; 0y ) =0

The kinetic energy is written as a quadratic polynomial of the
generalized velocities, g, (the dot denotes differentiation with respect
to time):

1
E = 5 4'Hq, ®
with
_ ar, dr
an‘mu - ? m aq,, 3qm,, » (7)

and the summation runs over all atoms [ of the filament.
The modes are obtained from the solution to Lagrange’s equation:

AN .
dr\ag,,)  oq,,’ ®

where £ is the Lagrangian £ = E, — E,.

Energy of contact between monomers

The potential energy of contact between adjacent monomers in the fiber is
crucial to the derivation of the normal modes. For rigid monomers, as as-
sumed in this work, the contact between monomers is the only source of
potential energy. Because of the symmetry of the actin filament, each
G-actin monomer makes contact with four other monomers. There are two
types of contact: contact between monomers # and n + 1 and contact be-
tween monomers 7 and n + 2. These have been called the “diagonal bond”
and the “longitudinal bond”, respectively (Erickson, 1989). Thus, denoting
the contact potential energy between monomers n and m as E, , we can
express the total potential energy as

Ep = 2 (En,n+1 i En,n+2)' (9)

The binding energy between monomers is due to noncovalent
“bonds”: both nonpolar dispersive and hydrophobic-exclusion interac-
tions, as well as polar and ionic forces. The strength of these “bonds”
is a sensitive function of the distance of separation of the interacting
atom pairs and will of course be proportional to the total contact area
between consecutive monomers. Lacking detailed knowledge of the
exact nature of all intermonomer interactions, we opt to model the en-
ergy function as a simple pairwise interaction between atom 4 in mono-
mer n and atom b in monomer m:

E(Tpy, Toy) = (C72)(hrp, 1 — 100, 1) (10)

Herer,, ., = r,, — r, denotes the vector connecting the two atoms in
question and the zero superscript indicates the equilibrium (initial) con-
figuration. This pairwise potential is spherically symmetric and has a
minimum at the equilibrium configuration. Expanding to second order
about r, ., we obtain the simpler form

Clrd ..o A %
E(r,,r.,) = _(EM) . (11)

2 Ir?

na,mb |

where Ar =r — r°

The strength of the potential, C, is a phenomenological constant that is
assumed to be the same for all interacting pairs. The potential energy of
contact between monomers » and m is then given by

Em =2 EX,, ), 12

{a,b}
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where the sum runs over all pairs of atoms {a, b} whose distance does not
exceed their combined Van der Waals radii plus a cutoff distance d;
el = Y + 1YY + d Wesetd =2A.

Equations 9, 11, and 12 specify the total potential energy of the
filament. This potential has been selected for its many advantages. By
virtue of Eq. 11 the potential is minimal at the equilibrium configu-
ration. This dispenses with the lengthy and costly process of minimi-
zation. The simple form of the potential also facilitates the derivation
of the F elements (Eq. 5). Finally, the assumed potential introduces only
one phenomenological parameter, C, so that the model’s predictions will
not be due to excessive parameter fitting.

F-actin models considered

Ultimately, the potential energy depends on the atomic model of the
actin filament, for it is the atomic model that determines which, and how
many, atom pairs interact. We will consider four models, which are very
similar except in the orientation of a few loops and regions, especially
the DNase I binding loop and the 262-274 hydrophobic “plug.” We will
first consider the original model of Holmes et al. (1990) (H model),
derived from x-ray fiber diffraction data, using the exact crystallo-
graphic coordinates of G-actin as a model for the monomer. We also
consider this model, but with the hydrophobic 262-274 “plug” strad-
dling subdomains 3 and 4 rebuilt (P model). This loop is hypothesized
to stabilize the F-actin structure when it is reoriented to interact with
a hydrophobic region of two neighboring monomers in the opposing
strand (Holmes et al., 1990). The R factor, to ~8-A resolution, is ap-
proximately the same (0.19) for these two models.

Also, we consider the refined models of Tirion et al. (1995) (T model)
and Lorenz et al. (1993) (L. model). The T model of F-actin, developed by
refining the H model (i.e., the crystal coordinates) using a normal modes
algorithm (Tirion et al., 1995), shifted domains without altering the in-
tradomain structure significantly. The rms deviation of the main-chain at-
oms of the large domains of the T and H models is 1.4 A, whereas the
equivalent r.m.s. fit of the small domains is 0.9 A. The normal mode re-
finement closed the nucleotide binding cleft, by shifting the smail domain,
propeller-style. The DNase I-binding loop has narrowed, twisting upward.
In the helix, this refinement has situated these residues in the cleft between
subdomains 1 and 3 of the next monomer in the long-pitch helix. Also, the
hydrophobic “plug” was not rebuilt for this refinement, and although this
loop has shifted laterally, it has not extended toward the opposing strand as
in the P-model.

The L-model of actin (Lorenz et al., 1993) was obtained by refining
the P model, using a “directed mutation” algorithm. The rms deviation
of the mainchain atoms of one monomer of the L model and the H model
(i.e., the crystal coordinates) is 2.4 A. The L model allows the largest
structural deviations from the crystal coordinates and achieves the low-
est R factor (below 0.05). The refinement incorporates the rebuilt 262—
274 “plug” as well as a manual rebuilt of the DNase I binding loop. This
latter region (approximately residues 38—52) folds back onto subdomain
2 in a manner such as to close the nucleotide-binding cleft. In the fila-
ment, this results in increased interaction of subdomain 2 with subdo-
main 3 in the next monomer in the long-pitch helix. There are no lon-
gitudinal contacts between subdomain 2 and subdomain 1 of a
neighboring long-pitch monomer, unlike the T-model. The dynamical
and mechanical consequences of these alternate locations of the DNase
I binding regions as well as the 262-274 “plug” are interesting to moni-
tor. A comparison of results is presented in a later section.

General form of solutions

Consider, for simplicity, an infinite filament. This avoids the issue of
boundary conditions, which we postpone momentarily. Because of our
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choice of dynamic variables, which describe the motion of each mono-
mer with respect to its own system of coordinates, and because of the
symmetry of the filament, the matrices F and H assume the simple block
form

Li e -V
o N - VY
2 = 00
- 00

(13)

where d, f, g, and h are (6 X 6) matrices (for their explicit elements,
see Appendix A).

In terms of the spatially periodic form of g of Eq. 3, Lagrange’s equation
becomes

—fq = hg. (14)
Here q denotes the six-dimensional vector g,, and
f=gle @ +fle7® + d + fe'* + ge™ (15)

is a Hermitian (6 X 6) matrix that depends on the spatial phase lag, ¢.
To obtain the normal modes, we seek solutions periodic in time, of the
form

9, = Z A, (), ()cos(w,(d) + 5,(4)), (16)

where a, and §, are arbitrary constants. Using this in Eq. 14, one gets the
normal modes equation

fA = AhA. a7

The eigenfrequencies are given by the elements of the diagonal matrix A,
o (@)* = A,,, and the eigenvectors are the columns of the matrix A. Al-
though the elements of the A matrix are not necessarily real, a general
motion of the filament is real and can be expressed in terms of the normal
modes:

4 = 2 2 1A, ()| o, (d)cos(nd + 6,,(¢) + 3)(¢))
¢ u

(18)
X cos(@, () + 8,(9)).

Here 0, (¢) = arg(4, (¢)) and &' is an arbitrary constant. The constants
a, 8, and &' are determined from the initial state of the fiber at time ¢ = 0.
In the case of filaments in a heat bath the a amplitudes assume a charac-
teristic value that is temperature dependent. These are derived in Appendix
B, where we analyze the thermodynamics of the filament.

Equation 17 fixes A only up to a normalization constant. If we require
the normalization condition

A'hA =1, (19)

the potential and the kinetic energy can then be written as a diagonal

quadratic expression in Q,($) = a,($)cos(w, () + 8 (¢)) and Q“(cb). That
is, the Q (@) are the normal modes of motion that diagonalize the
Hamiltonian, # = E, + E,.

Boundary conditions

We now turn to the problem of boundary conditions. For a strictly infinite
filament the boundary conditions are undefined, and one gets a continuous
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spectrum of normal modes. In this case, the spatial phase lags ¢ form a
continuum, 0 < ¢ = 1, and the outer sum in Eq. 18 should really be replaced
by an integral. In the more physical case of a finite filament consisting
of N monomers, the boundary conditions determine a discrete set of
accessible wave phases ¢: the ¢’s assume N possible values that are
nearly equally spaced (A¢ = w/N).

The conditions at the edges of the filament—whether these are fixed or
constrained in any fashion or allowed to move freely—determine the actual
values of ¢. For short wavelengths, the kinetics of the fiber is unaffected
by the specific boundary conditions. Specific boundary conditions need be
taken into account only for those modes of motion involving the longest
coherence lengths, of the order of the length of the entire filament.

Quenched thermal motion

In principle, one can compute any thermal average from the elementary pair
correlations developed in Appendix B. In practice, however, several of the
fluctuations of interest involve functions of many coordinate variables. The
decomposition of such multivariable expressions into pair averages is te-
dious and cumbersome. A simple way to overcome this difficulty is to
perform statistical averages on a random ensemble of thermally excited
fibers. In the following, we show how to develop snapshots of F-actin,
trapped in typical configurations of thermal agitation.

The basic idea is to compute the coordinates of the fiber at some arbitrary
time, ¢ = 1, according to Eq. 18, with the characteristic a’s at temperature
T (Appendix B). Recall that the phases 8’ and 8 depend on initial conditions.
We therefore pick these phases at random, from a homogeneous distribution
over the interval [0, 27]. Having made these assumptions, there is nothing
particular about the actual value of the initial time, #,, and we may choose
t, = 0, for simplicity. We then have

3, = 2 2 14,,(d) a,($)cos(id + 6,,() + 8,(d))cos(3,(4).  (20)
¢ o

In Fig. 1 we show schematically one such configuration rotated through
incremental angles from 0° to 180°. The overall bending of the fiber, as well
as other local deformations, can be appreciated from this plot. In Fig. 2 we
plot 10 such different configurations of quenched thermal agitation. Each
of these configurations has been produced with a different choice of the
random phases &' and & in Eq. 20. Statistics of interest, such as the bending
curvature of fibers or the distribution of the number of monomers per repeat
(the crossover length), can be performed directly on the computer-generated
ensemble, in much the same way as done with EM data.

RNNEEREENE

FIGURE 1 Configuration of simulated thermal disorder in F-actin. The
40-monomers filament is shown rotated through incremental angles of 20°.
An unperturbed filament is shown for comparison (left).
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RESULTS

‘We now present our results in terms of the original H model
of Holmes et al. (1990). In a later section we will make
comparisons between the results obtained using different
models of F-actin.

Computation of the potential strength C

To obtain numerical predictions about F-actin, we need to
estimate the strength of the potential C (Eq. 11). Any ex-
perimental measure can be used for such an estimate. The
idea is to fit C so that the model’s prediction matches the
experiment. We choose to base our computation on mea-
surements of the stretching elasticity of F-actin (Kojima
et al., 1994; Huxley et al., 1994; and Wakabayashi et al.,
1994). We prefer this experimental measure because the elas-
tic constant has a minimal dependence on the solvent, which
is neglected in our analysis. The experiment for measuring
the elastic strength of the filament is also appealing in its
simplicity; it is basically done by applying a stretching force
to the ends of a filament, or a bundle of filaments, and re-
cording the elongation.

Suppose that a filament of length L = NZ (Z = 27.5 A is
the rise per monomer) is stretched by an amount Az. The
distance between two consecutive monomers, i and i + 1, is
then incremented by Az/N, and that between monomers i and
i + 2 is stretched by 2Az/N. According to the energy function
of Egs. 9-12, the potential energy of the fiber grows by

0 . 2
5 (ria,(i+l)b k

]
(b} I e

+43 r?c,(i+2)d'k 2 AZ 2
{ed) |r?c,(i+2)d| N’

where k is a unit vector in the z direction. This can be
rewritten in terms of elements of the F matrix as (see
Appendix A):

NC
AEP = 7
(21

C
AEP = 5w (f33 + 4833)(A2)% (22)
2N
On the other hand, if the filament has an elastic constant
K, then its potential energy from stretching is simply
AE, = K(Az)*/2. Comparing this with Eq. 22 we obtain

NK
Sfiz + 483

Kojima et al. (1994) find for 1-um actin filaments, po-
lymerized with phalloidin, that K = 43.9 * 4.0 pN/nm. Using
this figure and Eq. 23, we compute C = 0.0149 kcal/A’mol
(for the H model of F-actin). We derive a similar value of K,
and hence of C, using the diffraction data from relaxed and
stretched myofilaments of Sosa et al. (1994), Huxley et al.
(1994), and Wakabayashi et al. (1994). We emphasize
that the value of C per se has little microscopic physical

C= (23)
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FIGURE 2 A sample of 10 different configurations of F-actin represent-
ing thermal disorder. An unperturbed filament is shown for comparison
(left).

meaning. It should be regarded as a purely phenomeno-
logical parameter.

Dispersion relation and normal modes

We now use the theory outlined in the previous sections to
compute the eigenfrequencies and the normal modes of the
filament. After a computation of the d, f, g, and h matrices
(Appendix A) we select a wave phase 0 < ¢ = 7 (or, al-
ternatively, a wave number k = ¢/Z) and compute the f
matrix of Eq. 15. We then use standard diagonalization al-
gorithms, provided by the mathematical package MATLAB
(The Math Works, Inc., S. Natick, MA), to obtain the six
eigenfrequencies w,(¢) and their corresponding eigenvec-
tors. Repeating this procedure for different values of ¢ yields
the dispersion relation (w as a function of ¢, or k) shown in
Fig. 3.

The six branches in the dispersion relation plot correspond
to the six degrees of freedom that we have assigned to each

 [10"21/5]

01r b

0 01 02 03 04 05 06 07 08 09 1
o/m

FIGURE 3 Dispersion relations. Shown are the frequencies o as a func-
tion of the wave phase ¢/ar. The six branches correspond to the six degrees
of freedom of each G-actin monomer. The labels indicate (a) longitudinal
modes, () torsional modes, (c) bending modes, (d) axial slipping, and (e)
groove-angle swinging.
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monomer. A point w,(¢) in this plot represents a certain
mode of oscillation at frequency w. Consecutive monomers
perform the same motion, but with a phase lag ¢. The specific
motion of the mode at this point is represented by its eig-
envector A,,,, which provides the relative amplitude of mo-
tion of each of the monomer’s degrees of freedom. Thus, for
example, for ¢ = 0 (k = 0) all monomers move coherently
in phase. If ¢ is merely close to zero, monomers move almost
in phase. If the motion is along the z axis, the result is a
longitudinal pressure wave, or a sound wave. As ¢ — 0, the
energy involved in stretching is increasingly smaller, so that
the frequency also tends to zero (as can be inferred from Eq.
B1 of Appendix B). Indeed, our computations reveal the
existence of such modes—they are indicated in Fig. 3 by
curve a.

Wire modes

The longitudinal pressure waves can be inferred from the
simple-minded “wire” model. Regarding the filament as a
uniform elastic cylinder with constant X, length L, and lon-
gitudinal density M/Z (M is the mass of a monomer), one has
Vieng = (KLZ/M)'”. Using the numbers from the experiment
of Kojima et al. (1994) for L and K, we obtain v = 1313 m/s.
On the other hand, the group velocity of the waves is com-
puted from the dispersion relation: v, = dw/dk = 1310 m/s
(i.e., the slope of branch a near the origin). This confirms the
correctness of our derivation of C (Eq. 23), as well as the
diagonalization protocol.

In addition to the stretching modes near ¢ = 0, there is yet
another kind of acoustic, “wire” mode. Suppose that a mono-
mer rotates around the fiber axis. If the phase ¢ — 0, then
all other monomers will rotate through the same angle in
tandem, resulting in a spinning of the whole filament about
its axis. For ¢ slightly greater than zero, we obtain a torsional
wave. Again, the energy involved tends to zero (and so does
the frequency) as ¢ approaches zero. As expected, we do find
such a branch of modes (curve b in Fig. 3). From the slope
of the plot, we find that torsional waves propagate with
Viors = 410 m/s. Notice that the group velocity for the tor-
sional motion is smaller than that of the longitudinal pressure
wave. This is true for elastic materials in general, regardless
of their composition.

When the phase ¢ =~ ¢, = 166.15°, i.e., similar to the
angle of rotation between subsequent monomers, another
kind of interesting motion occurs. In this case, if a monomer
moves in a direction perpendicular to the filament axis, the
mismatch in phase between consecutive monomers exactly
compensates for the different orientations of their local co-
ordinate systems (see Dynamic variables in the Methods sec-
tion) and the net result is a transverse motion of the fiber as
a whole. Thus, around ¢, we observe transverse oscillations
or bending of the fiber (these are indicated in Fig. 3 by curve
C). The wavelengths of such oscillations are

27

)tbending = m Z (24)
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Obviously, as ¢ — ¢, the bending energy approaches zero
and so does w. However, instead of a linear dispersion as for
the acoustic waves discussed above, we now have a(¢) x
(b — &,)* = (k — ky)* This seemingly strange behavior is
actually normal and can be derived, again, from the simple-
minded “wire” model. It will be discussed further in relation
to the fiber’s flexibility.

Notice that very few modes of motion can be analyzed in
terms of a “wire” model. In fact, we have identified all of
them (stretching, torsion, and bending). These modes are
typical of homogeneous wires of constant cross section and
are insensitive to the particular atomic models of the fila-
ment. All other modes, the vast majority, are specific to
F-actin and are sensitive to the detailed, atomic structure. We
will discuss two of these modes. The remaining actin-
specific modes, harder to describe, are best understood when
visualized with computer animations.

Modes typical of F-actin

Consider now a mode of motion with ¢ = r, at the other
edge of the spectrum. This means that consecutive mono-
mers move in an exactly opposite phase. However, every
second monomer moves in perfect synchrony with the
original one. For example, all the monomers in one strand
of the filament may move upward along the positive z
direction, while those on the opposing strand would move
coherently downward! Obviously, this kind of “axial slip-
ping” motion cannot be predicted on the basis of a “wire”
model that does not differentiate between the strands. It
is specific to the filament, and we expect it to depend on
the atomic model of F-actin, in particular on the orien-
tation of the hydrophobic “plug.” Inspection of the modes
near ¢ = 7 indeed reveals axial slipping motion (curve
d in Fig. 3).

Another mode at ¢ ~ r arises when monomers spin
around their z axes (e in Fig. 3): the two strands spin
coherently, in an opposite sense to each other, resulting
in a swinging of the groove angle between the strands.
Notice that the frequency, , of the groove-angle swing-
ing motion is smaller than that of the axial slipping mo-
tion. This makes sense if one could model the contact
between the two strands as a homogeneous continuous
sheet of material. It is usually easier to flex such a sheet,
as required by the groove-angle swinging motion, than to
shear it, as required by axial slipping. To gain more in-
sight into these motions we need to consider the full
atomic model of F-actin (indeed, the results depend
strongly on the particular model!).

Interestingly, the last two modes of motion have the
wavelength A = (27/¢)Z = 2Z, i.e., the shortest possible.
However, one can identify an infinite coherence length
(the motion of monomers within each strand is perfectly
in phase). Thus, the concept of wavelength is counter-
intuitive in this case, as it disagrees so strongly with the
coherence length. For this reason we prefer the phase lag
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between monomers, ¢, over the more traditional wave-
length, or wave number, £.

Also note from Fig. 3 that the fastest oscillations of the
fiber are at w = 0.66 X 10*s™), corresponding to a period
of 9.5 ps. The fastest oscillations of the fiber involve
wavelengths of the order of a single monomer; thus one
expects that their period would roughly match that of the
slowest internal oscillations of the monomer (which in-
volve the same length scale). Indeed, we previously found
that the slowest period of G-actin is ~17 psec (Tirion
and ben-Avraham, 1993), confirming this expectation.
Inasmuch as the shortest period of F-actin is proportional
to C™'2, this result yields further support to our estimate
of C.

Finally, another interesting prediction arising from the
dispersion relation of Fig. 3 is a narrow gap of frequen-
cies, from w = 0.44 to w = 0.46 X 10'?s~! and from 0.55
to 0.60 X 10'2 s7!, in which there exist no vibrational
modes. Such gaps are common in the spectra of phonons
in solids. It remains to be seen whether these will per-
sist once we include the internal degrees of freedom of
the monomers and the effects of the solvent in our
computations.

Contact energy between monomers

We can use the spectrum of computed frequencies for the
evaluation of various thermodynamic potentials, as
shown in Appendix B. For example, we have used Eq. B4
to compute the Gibbs energy per monomer, AG/N, at
room temperature (7 = 300 K). This provides us with an
upper bound for the Gibbs energy of contact of the di-
agonal and the longitudinal bonds. AG/N is an overesti-
mate of the contact energy, because vibrations of the fiber
include, in addition to the stretching and bending of the
contact bonds between monomers, internal elastic energy
of the monomers themselves (in our case these internal
degrees of freedom influence the value of C). We find
AG/N = 18.4 kcal/mol. This is in good agreement with
the estimates of Erickson (1989), that the combined en-
ergies of the diagonal and the longitudinal bonds are
smaller than 17 kcal/mol.

Flexibility of F-actin

From the dispersion relations, in particular from the
“wire” modes, we can learn about the (macroscopic)
elastic coefficients of F-actin. Consider the acoustic pres-
sure waves (branch a in Fig. 3). Their speed of propa-
gation is related to the Young’s modulus of the fiber, E,
through

vlong = (E/P)m, (25)

where p is the density of F-actin. Thus, knowledge of
Vieng €Nables us, in principle, to compute the Young’s
modulus. However, the cross section of F-actin, S, is vari-
able and hence is ill-defined. Using p = M/SZ = u/S
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(n = M/Z is the density per unit length and is less am-
biguous than p) we obtain the Young’s modulus per in-
verse unit area:

ES = pvi . (26)

With the value of v,,,, = 1310 m/s, found above for the
H model, we get ES = 4.4 X 1078 N. To obtain an actual
value for the Young’s modulus, we must estimate the
cross-sectional area, S. Simply assuming that F-actin has
a uniform circular cross section, with a radius equal to the
filament’s radius of gyration (R = 24.1 A for the H
model), we obtain E = 2.4 X 10° N/m?. This compares
very nicely with values for wool, silk, and collagen. Hatta
and co-workers (1988) estimate the longitudinal stiffness
of resting muscle at 20°C at E = 2.48 X 10° N/m?, as
measured with ultrasound, in close agreement with our
current derivation.

Consider next the acoustic torsional modes (branch b in
Fig. 3). Their speed of propagation is related to the torsional
rigidity of the filament, ¢, and to the moment of inertia per
unit length, I, via

Ve = (LD 27

The torsional rigidity is a measure of the resistance of the
filament to an external twisting torque. If a torque 7is applied
to the filament it results in an angular twist per unit length,

0,/0,:
_ %
T={ - 28)

(Here the angle x is understood to be measured in radi-
ans.) Using v, = 410 m/s in Eq. 27, we get { = 2.6 X
1077 dyn cm?

Finally, we can learn about the flexural rigidity of F-actin
from its bending modes (branch c in Fig. 3). The coefficient
of flexural rigidity, &, relates the local curvature of the fila-
ment to a local bending moment, M:

%
w

M=&- 29

4

/4

(x is the transverse deflection of the axis). Suppose that a
filament of length L is clamped at one end and a force F,
perpendicular to the filament, is applied to the other end. The
deflection of that end would be

xX==—. (30)

The flexural rigidity can be computed from the dispersion
relation of the bending modes:

g 12
= (;) (k = k,)>. (31)

This is, in fact, the “strange” behavior of the bending modes
mentioned in the previous section. It arises from consider-

Volume 68 April 1995

ation of the wave equation of transverse modes for the “wire”
model. This equation has a fourth-order spatial derivative,
instead of the usual second-order derivative, and is well
known within the theory of elasticity of thin rods (see, for
example, Landau and Lifshitz, 1959). It is indeed very sat-
isfying that our independent microscopic computations con-
firm this phenomenological relation. Fitting Eq. 31 to the
dispersion relation computed for the bending modes, we find
£€=43 X 107" dyn cm®

An interesting consequence of the dispersion relation of
Eq. 31 is that the velocity of propagation of the transverse
bending waves is

g 12
Voerg = 2(;) (k — ky). (32)

That is, v, vanishes inversely proportionally to the wave-
length (or to the length of the filament, for the longest wave-
length). This apparent paradox is resolved when one remem-
bers that the propagation speed of transverse waves on, for
example, a violin string, is v,y = (T/p)? where T is the
tension in the string. Our long filament behaves essentially
as this violin string, and in the absence of any external forces
the tension T = 0 and v, 4 = O.

Thermal fluctuations of interest

The thermal motion of the filament can be characterized by
the methods outlined in Appendix B. We focus on a few
representative measures of “disorder,” mostly those that
seem to be of general interest and for which experimental
results are currently available.

Let us begin with statistics performed directly on
quenched ensembles of thermally excited filaments, for ex-
ample, the one shown in Fig. 2. It is convenient to compute
the various deformations with respect to the axis of each
filament. The definition of the axis coordinates for bent fila-
ments is a nontrivial problem which requires some degree of
arbitrariness (Egelman, 1986). We define the position of the
axis near the ith monomer, r?, as

1 n=6
l'? = E 2 l'i-4~n’ (33)

n=—6

where r; is the location of the center of mass of monomer j.
Because of the 13-monomer repeat of F-actin, the axis com-
puted in this way is as smooth as that obtained from spline
techniques, and we prefer it for its simplicity.

We must be careful with the contribution from the longest-
wavelength modes, whose actual wavelengths cannot be de-
termined without solving the finite filament problem with
appropriate boundary conditions. We overcome this limita-
tion by restricting the analysis to short segments of the fila-
ment. Within short lengths, the contribution of a long-
wavelength mode may be treated as a nearly constant
background. Also, the amount of data that can be extracted
from a filament is larger for shorter segments, which is a
welcome bonus.



ben-Avraham and Tirion

Azimuthal angular disorder

To explore the azimuthal disorder we first compute u;, the
unit vector connecting the center of mass of monomer i
to its axis point: w, = (r; — r))/Ir; — rl. The angle
formed between monomers i (i — 1) and the axis is then
Y, — P,_, = arccos(u; - u;_,). In an unperturbed filament
this angle is constant, Ay = —166.15°. We are interested
in the fluctuations from equilibrium,

8, =y — ¢, — Ay = arccos(u; - w;_,) — Ay.  (34)

Here 8, is the angular disorder between consecutive
monomers, as introduced by Egelman et al. (1982). The
cumulative azimuthal, angular disorder after » monomers
is then A, = 22§, and

(%))

nd> + 2 nil (n — m){(8,8,,),

m=1

(ad
(35

where 8 = (87)'2. If the §, are completely independent,
then the correlations (8,8,) are all zero, and the cumu-
lative angular disorder grows as (A2) = &%n, as in the
random cumulative disorder model of Egelman et al.
(1982).

In Fig. 4 we plot (8,8,) as a function of m. The cor-
relations decay rapidly to zero, and successive correla-
tions (for monomers m and m + 1) are strongly anticor-
related. On the other hand, the motions of monomers m
and m + 2 (i.e., monomers within the same strand) are
positively correlated. This indicates an opening and clos-
ing of the groove angle between the two long pitch
strands. Such a motion could occur as a combination
of the groove-angle swinging modes and torsional
waves.The data in Fig. 4 are well fitted by the function
(8,8, = 8(—1)™ exp(—0.012m — 0.082m?), where
& = (83" = 5.23° is the rms of the angular disorder
between any two consecutive monomers.

30

{809dm> I[(degrees)?

0 1 2 3 4 5 6 7 8 9
monomer-number m

FIGURE 4 Correlations in the azimuthal angular disorder between mono-
mers 0 and m, (§,8,), as a function of the distance between monomers, m.
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To estimate the cumulative angular disorder we now
employ Eq. 35. For small m we use the data of Fig. 4, and
for larger m, where the statistics from our ensemble cease
to be accurate, we extrapolate from the analytical fitting
function. The result is an angular disorder that accumu-
lates asymptotically as (A2) ~ 82 + &%, with §, = 3.9°
and § = 0.84°. Thus, the overall effect is a random cu-
mulative angular disorder, as in the Egelman—DeRosier
model (Egelman and DeRosier, 1992). Notice, however,
that the accumulation is much smaller than that deduced
from EM. Whereas the azimuthal fluctuation of any in-
dividual monomer, 8, compares favorably with the EM
measurements, the asymptotic & is substantially smaller,
because of the anticorrelations of the opening and closing
of the groove angle.

Fiber thickness

As a measure of the thickness of the fiber near the ith mono-
mer, we propose the quantity

D; = I(r;,, —rdy) — (- 1)l (36)

Because the angle between (r;,, — rY,) and (r; — r?) is
approximately (¢) = —166.15°, close to 180° the difference
between D; and the actual thickness is a mere 3%. The fluc-
tuations in the thickness are then given by

AD = (D7) — (D)™,

where the angle brackets denote an average over the index
i and over all configurations. For the H model, we find
AD = 0.48 A. We note that, because normal mode analy-
ses are valid only in the harmonic regime of small os-
cillations, phenomena such as the formation of “bubbles”
through disassociation of the two strands, as reported, for
example by Bremer et al. (1991), are not predicted by this
approach.

37

Bending and persistence length

The persistence length, A, is a measure of the distance
within which the filament is relatively rigid and the bend-
ing angle remains small. A straightforward computation
of the persistence length would require the analysis of the
radius of curvature of long segments of the filament. This
requires, however, the specification of specific boundary
conditions, as discussed earlier. An elegant way to over-
come this requirement is to estimate the persistence
length from the computed value of the coefficient of flex-
ural rigidity; A = &/kzT. For the computation of & we
simply use the dispersion relations (for an infinize fila-
ment) and Eq. 31, and hence our ignorance of the actual
values of the long wavelengths is irrelevant (Eq. 31 is
valid for all k near k;). Using the value of £ = 4.3 X 10777
dyn cm?, computed from the dispersion relations, we ob-
tain A = 10 pm.
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Twisting within a strand

Twisting fluctuations within a strand should not be confused
with twisting of the fiber as a whole, nor with the angular
disorder discussed above. This fluctuation is a measure of the
torsional flexibility of the individual strands. We define the
twisting fluctuation within a strand as

AY, = v — Yiso» (38)

where v, is the rotation angle of the ith monomer about its
z axis. Because this fluctuation does not require the com-
putation of the axis coordinates, it can be easily expressed in
terms of thermal correlations. A detailed explanation of how
this is done is given in Appendix B.

In Fig. 5 we plot the rms fluctuation in the strand twisting
angle that is due to individual modes, ((Ay, (¢)?)'?, as well
as the combined fluctuation of all modes with the same phase
lag ¢, (AV(D)°N'"? = (2, ((Av,($)’))"?, as computed from
Eq. B9 (Appendix B) for the H model. Because Ay, () scales
as N2, the rms fluctuation that is due to all modes is in-
dependent of the number of monomers, N. In fact, the results
in Fig. 5 are multiplied by N* to be rendered N-independent
(we have used N = 100 for the actual computation). We find
{(Ay))'? = 1.43° for the overall fluctuation that is due to
all modes.

Comparison of results with different models

We now compare the results for the H model, the P model,
the L model, and the T model of F-actin (see “F-actin models
considered” in the Method section for a description of these
models). For convenience, results are summarized in Table
1. Recall that the same potential energy form has been used
in all cases (Egs. 9—12). Differences arise solely as a con-
sequence of the particular atomic interactions between
monomers in each model. For example, the ratio of pairwise
interactions along the longitudinal bond to that of the di-

Ay [degrees]

02 03 04 05 06 07 08 09 I
o/n

0 0.1

FIGURE 5 Twisting within a strand, A, as a result of thermal excitations.
The dashed curves represent the independent contributions of each of the
six branches of modes (Fig. 3). The solid curve is the total contribution of
all six branches, per a given wave-phase ¢. The total thermal disorder in the
twisting angle is obtained from the integral over this curve.
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agonal bond, N,,,,:Ny,,, is a rough measure of the relative
strength of the intramonomer bonds, and is strongly model-
dependent.

The H model of F-actin yields 301 diagonal and 856 lon-
gitudinal atomic interactions. The P model, identical to the
H model except for a 13-residue loop (262-274), has a
greater number of diagonal interactions (905) and almost the
same number of longitudinal interactions (860), increasing
the relative strength of the diagonal bond significantly. The
L model, incorporating both a rebuilt “plug” as well as a
rebuilt DNase I loop, has 1071 longitudinal and 596 diagonal
interactions. The longitudinal interactions of subdomain 2
are strictly with the neighboring subdomain 3. The T model
has the DNase I loop oriented in the cleft between subdo-
mains 1 and 3 of the neighboring monomer in the long-pitch
helix and has not rebuilt the 262-274 “plug”. This results in
a larger number (1366) of longitudinal interactions (subdo-
main 2 interacts with both subdomains 3 and 1 of the neigh-
boring monomer) and a smaller number (205) of diagonal
interactions.

The only fitting parameter in our theory, C, is computed
separately for each model, so that the filament exhibits a
stretching spring constant of K = 43.9 pN/nm (see “Com-
putation of the potential strength C”). As a result, the speed
of acoustic pressure waves (in vacuum), v,,,, = 1310 m/s, is
the same for all models. The last column in Table 1 lists the
dependencies on changes in the fitting parameter, C. It may
be used to draw further valuable conclusions. For example,
both v, and v, vary as C'?: it follows that the ratio v,/
Vingy Which is a measure of the torsional flexibility of the
filament relative to its resistance to stretching, is independent
of C and is only model-dependent!

The combined Gibbs contact energy of the diagonal and
longitudinal bonds (Eq. B4) are listed in Table 1. They
are roughly the same for all models, ~18 kcal/mol. The
Gibbs energies are very insensitive to changes in C. For
example, doubling the value of C merely reduces AG from
18.4 to 17.2 kcal/mol (for the H model). By combining
AG with the relative strength of the bonds, Ny,,.:N,,. One
obtains estimates of the Gibbs energy for each of the
intramonomer bonds:

g = _ Mo AG (39)
e Nlong + Ndiag

(and likewise for AG,,,). The values computed in this
way are consistent with independent estimates of Erick-
son (1989) and K.C. Holmes (Max-Planck Institute for
Medical Research, Heidelberg, 1994).

The next four rows in Table 1 pertain to flexibility
constants of F-actin. The Young’s modulus per inverse
unit area, ES, was used to calibrate C and is therefore the
same for all models. The coefficient of torsional rigidity,
a measure of resistance to an external torque, changes
little as a consequence of the (diagonal) “plug” orienta-
tion, as seen in the similar values of { for the H and P
models. However, { increases significantly for both the
T and L models, where there are increased numbers of

AG
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TABLE 1 Comparison of results for the various models
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H P L T C Dependence

Niogg? Ng 856:301 860:905 1071:596 1366:205 none
C (kcal/mol AZ) 0.0149 0.0132 0.0136 0.0115 C
Viong (TVS) 1310 1310 1310 1310 \/6
Vi (/5) 410 426 494 484 \/C
AG (kcal/mol) 184 17.8 17.7 18.4 negligible
ES (108 N) 44 44 4.4 4.4 C
£ (107" dyn cm?) 26 28 3.7 3.6 c
£ (107" dyn cm?) 43 5.1 5.8 4.8 C
A (jm) 10 12 14 12 C._
8 5.2° 48° 53° 6.0° 11\/C
AD (A) 0.48 0.39 0.36 0.46 17/C
Ay 1.43° 131° 1.13° 1.35° 1A/C
w,,, (101%™ 0.66 0.76 0.82 0.76 \/C
frequency gaps 0.44-0.46 0.52-0.56 0.50-0.53 0.44-0.48 \/E

(10571 0.55-0.60 0.61-0.65
Relative amplitude

of axial slipping 1.51 1 1.02 2.29 none
Relative amplitude

of groove-angle swinging 1.51 1 1.03 1.96 none

longitudinal contacts. The flexural rigidity, &, is smallest
in the H model, and increases if either the “plug” (P
model) or the DNase I binding loop (T model) is reori-
ented to increase the number of diagonal or longitudinal
bonds, respectively. In case both diagonal and longitu-
dinal interactions are increased, as in the L model, this
constant is even larger.

The persistence length has been computed from the esti-
mates of £ A = &kgT, and ranges from 10 um for the H
model to 14 um for the L model. The variation in A compares
favorably with the published range, from 6 to 20 um
(Yanagida and Oosawa, 1978; Yanagida et al., 1984; Orlova
and Egelman, 1992, 1993). Notice that ES, ¢, £ and A
have the same dependence on the fitting parameter C, and
hence the ratio of any two of these quantities is only model-
dependent.

The next three rows in Table 1 report the magnitude of
various thermal fluctuations. The first pertains to the azi-
muthal angular disorder, listing the rms disorder of an ar-
bitrary monomer, 8 = (8?)"2 For all four models the angular
disorder accumulates randomly, as proposed by Egelman
et al. (1982), and the rms fluctuation of any given monomer
is comparable with their estimates of 8. However, we find
that the azimuthal fluctuations of successive monomers are
highly anticorrelated, because of the opening and closing of
the groove angle between the long-pitch helices, which is a
dominant mode of motion. This results in an angular disorder
accumulation that is significantly smaller than in the model
of Egelman et al. Thus, while thermal fluctuations naturally
give rise to random cumulative disorder, the magnitude of the
cumulative disorder observed in EM is not explained by this
analysis.

The variations in thickness, AD, are also measured on
ensembles of thermally quenched filaments. Not surpris-
ingly, the variation in radial thickness decreases as the num-
ber of diagonal contacts increase. The present values are
much smaller than the variation in thickness reported in the

literature (see, for example, Bremer et al., 1991). However,
this is not surprising, as a normal mode analysis pertains only
to small oscillations and hence does not model the effects of
strand separation.

Finally, Ay, corresponding to twisting of the monomers
within a long-pitch helix, was computed by means of Eq. B9.
The twisting within strands is largest for the H model and
decreases as either the number of diagonal contacts (P model)
or the number of longitudinal contacts (T model) increases.
In case both types of contacts increase (L. model), the twisting
within a strand decreases further. Apparently, the diagonal
contacts help to stabilize the long-pitch helix.

The last four rows report on variations in mobilities
typical to actin, as a result of the different models. The
maximal frequency of oscillation, w_,, reflects how
strongly adjacent monomers interact and is larger the
stronger the interaction. The frequency gaps are also
highly model-dependent. In the L and T models there is
a single band, as opposed to two bands of inaccessible
frequencies in the H and P models.

The axial slipping motion and the groove-angle swing-
ing motion discussed earlier are maximal for the model
with the least diagonal interaction, namely, the T model.
Conversely, these motions are smallest when the number
of diagonal contacts is maximal (P model). The reorien-
tation of the 13 residues of the “plug,” a mere 3% of the
mass of the monomer, decreases both the axial slipping
and the groove-angle-swinging motion by ~50%, as seen
from a comparison of the H and P models. Strong lon-
gitudinal contacts in the absence of the strong diagonal
contacts provided by the “plug” (T model) enhance these
mobilities dramatically.

SUMMARY AND DISCUSSION

We have developed a normal mode algorithm to analyze the
dynamical and mechanoelastic properties of the actin fila-
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ment. The computation proceeds from first principles and
does not rely on a generalized theory of elasticity of con-
tinuum media. This initial analysis, done in vacuo, computes
the normal modes of the filament resulting from rigid-body
translations and rotations of monomers: internal vibrational
motions within monomers are not currently modeled. We
assume that the published coordinates of F-actin are stable
(minimum-energy) configurations and that all intermonomer
interactions are mediated by nearest-neighbor atomic pairs.
The bond strength of each noncovalent intermonomer inter-
action is parameterized by a harmonic potential using a single
parameter to characterize the bond strength. This parameter
is scaled to experimental results and is the only adjustable
parameter in our analysis: agreement between predicted and
published experimental results, therefore, cannot be ascribed
to excessive parameter fitting.

Within the current formulation, the computed disper-
sion relation completely characterizes the kinetics, the
elastic properties, and thermodynamic potentials of F-
actin. We have computed the speeds of propagation of
elementary waves; longitudinal pressure waves, torsional
waves, and transverse bending waves, and their related
elastic parameters; the Young’s modulus, the coefficient
of torsional rigidity, and the coefficient of flexural ri-
gidity. These parameters permit predictions of deforma-
tions induced by external torques and forces exerted on
F-actin. As recent experiments indicate that approxi-
mately 40-60% of sarcomere compliance resides in the
thin filaments (Huxley et al., 1994; Wakabayashi et al.,
1994; Goldman and Huxley, 1994), the derivation of the
longitudinal, torsional, and bending stiffnesses of the ac-
tin filament permits quantitative comparisons to experi-
mental results.

The computed eigenmodes describe a broad range of mo-
tions, which have correlation lengths that extend from neigh-
boring monomers to the entire length of the filament. Isolated
motions include relative oscillations of the two long-pitch
strands, such as the “groove-swinging” motion involving azi-
muthal displacements of the strands. This motion alternately
widens and narrows the groove angle between the two
strands. We also observe an axial “slipping” motion of the
long-pitch strands relative to each other, a motion that looks
like a sawing-type movement in animations. There are
further modes that pertain to slight radial extensions and
contractions of the filament, as well as many other types
of twisting and tilting mobilities between neighboring
monomers.

The flexibility characteristics of the filament, as evidenced
by the computed persistence length, elastic coefficients, and
thermal fluctuations, are surprisingly sensitive to the par-
ticular F-actin model under consideration. For example, the
reorientation of the 13 plug residues (262-274), a mere 3%
of the mass of the monomer, significantly reduces both the
amounts of axial slipping and groove-angle swinging, as well
as the twisting within strands. Apparently, a stronger diago-
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nal anchoring, as modeled by the rebuilt plug, stabilizes not
only the interstrand mobilities but also the intrastrand (long-
pitch) helices.

The T and L models of F-actin illustrate the varying effects
of the orientation of the DNase I binding region (residues
38-52) in subdomain 2 to filament stability. In the L model
this loop is folded back onto subdomain 2, where it makes
longitudinal contacts only with subdomain 3 of the neigh-
boring monomer. In the T model, this loop interacts with
subdomain 3 and with subdomain 1 of the neighboring
monomer in the long-pitch helix. This results in a greater
number of longitudinal contacts, at a higher radius, than in
the L model. The torsional rigidity of the two models is
almost equal, in spite of the rebuilt 262—274 loop incorpo-
rated in the L model, whereas the L model is stiffer in terms
of the flexural rigidity. Not surprisingly, the greater number
of longitudinal contacts in the T model confer greater sta-
bility for relative axial slipping and groove-angle swinging
motions.

Recent experiments indicate that subdomain 2 assumes
different conformations as a result of the state of the nucle-
otide (ATP or ADP), the identity of the bound cation, and
solvent conditions (Orlova and Egelman, 1992, 1993). Site-
directed mutagenesis experiments indicate that the chemical
composition, and presumably therefore the structure, of the
plug confers temperature-sensitive stability to the filament
(Chen et al., 1993). It is therefore interesting that our com-
putations show that physical properties of the filament, such
as its stiffness, are drastically affected by the orientation of
the DNase I binding region in subdomain 2. Indeed, it is
intriguing to consider the possibility that actin can self-
regulate its rigidity in a manner analogous to bacterial mem-
branes, which maintain constant fluidity by temperature-
sensitive regulation of the saturation of the fatty acids chains
in the phospholipid bilayer.

The current analysis does not consider the contribu-
tions of internal flexibilities within the monomers to the
overall dynamical spectrum of the filament. We are cur-
rently generalizing our analysis to include internal de-
grees of freedom within monomers. The internal degrees
of freedom may give rise to internal friction. It will be
interesting to see what is the combined effect of the fric-
tion and of the increased elasticity introduced by the in-
ternal degrees of freedom. We also do not take into ac-
count the effect of the solvent. The solvent will have a
dramatic effect on the time scales of the modes, and it is
important to quantify these effects for the analysis of
experiments involving time scales slower than 1 us (for
example, Thomas et al., 1979; Prochniewicz et al.,
1994).Ideally, we would like to extend the work done
for simplified models of DNA in solvent (Schurr et al.,
1992, and references therein) to the F-actin models
discussed here.
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APPENDIX A
Computation of H and F

In this appendix we derive analytic expressions for the elements of the
matrices h, d, f, and g (which are the blocks of H and F), under the
potential of Eqgs. 9, 11, and 12. An inspection of the problem shows that
all the elements of these matrices can be written as sums of terms that
involve the expression dr,/dq,,, (r, represents the position of some atom
in monomer #; the derivative is taken with respect to the uth degree of
freedom of monomer m). We first observe that

ar,
= 0,

n # m. Al
P (AD

That is, monomer n does not move, unless there is an update of its own
coordinates, g,,. The block structure of the H and F matrices is a result
of Eq. Al.

The derivative ar,/dq, , does not depend on n, if written in terms of the
local coordinates of monomer n. On the other hand, because products of the
kind (3r /aq, ) (or,/dq,, ) will be required, we need to refer these quantities
to a global system of coordinates (we can arbitrarily choose the axes of
monomer 0, say). We then have

or, e ( ar, ) A2)
9y, 40,)"
where U is the matrix of rotation connecting subsequent monomers (Eq. 1).

Expressions for each of the six degrees of freedom are easily worked out.
For the parallel translations, (q;, ¢;, ¢5) = (x, ¥, z), we have

ar | ar ar K A3
il B =K

ox c’)y — az )
where i, j, and k denote unit vectors in the direction of the x, y, and z
axes of the monomer, respectively. For the rotational degrees of free-
dom, (q,, 45, 4¢) = (@, B, ), we obtain

ar ar ) ¢ . .
Fyviall ) uk, @ =uk — uji, 6_7 = ui — u,j, (A4)
where (u,, u,, 4,) = u =r — rg, denotes the vector connecting the center
of mass of the monomer to the atom in question. In Egs. A3 and A4 we
have dropped the subscript 0.

We are now ready to compute the various matrix elements. Starting with
H, we first confirm its block structure, using Egs. 7 and A1. We then com-
pute the h elements, applying Egs. A3 and A4. It is seen that the matrix h

itself has a block structure:
§ = M O
=lo 1/ (AS)

Each of the blocks is a 3 X 3 matrix. M is a diagonal matrix with diagonal
terms equal to the total mass of an actin monomer, O is a matrix of zeros,
and I is the tensor of inertia of the monomer,

Iy = hyy = D zmu? + u?),
1 44 2 y (A6)
Ly =hys = — 2 muu, -, etc.

(the sums run over all atoms of the monomer).
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To compute the F matrix, we use the potential of Egs. 9, 11, and 12 in
Eq. 5. Applying the rules of Eq. Al and A2, we immediately recognize the
block structure of F. The matrix f is given by

or, or.
=—C2(f- ._0)(1- ._1), A7
% o) \" " 3y, (A7)

where £, represents a unit vector connecting an interacting pair of an atom
on monomer 0 and another on monomer 1, £, = (r, — r;)/Ir, — r,1, and
the sum runs over all such interacting pairs. The computation of the f el-
ements is then completed with help of Egs. A2-A4.

The g matrix is obtained in exactly the same way, except that the subscript
1 in Eq. A7 is replaced by 2 (the interacting pairs are, of course, also
different). Roughly, f and g pertain to the diagonal bond and to the
longitudinal bond, respectively. Finally, the elements of the d matrix are
given by

Ey,

F= g
* 044,09,

4 = En 9%E,, VEp |, OEy &)
" aquaqou 04,,0q,,  64,,99,, aqzvaqu
and
d’E, ar, ar
—— =Cz(f,,m~ “)(f-m' '“). (A9)
94,99, 9y, 9q,,

The different sums run over the interacting pairs of the relevant monomers.
Notice that the matrix F is proportional to C, and hence the eigenfrequencies,
w, are proportional to C'2. This relation may be used to derive the depen-
dence of our various results on the fitting parameter C (as, for example, in
the last column of Table 1).

APPENDIX B

Thermodynamics of the filament

The normal modes and eigenfrequencies can be employed to compute vari-
ous thermodynamic potentials, as well as to characterize the thermal motion
of a fiber in a heat bath.

From Egs. 4 and 18, and imposing the normalization condition of Eq. 19,
we obtain the potential energy

(E) = 5 5 2 5.‘. @, ($Yw, (), (B1)

where (- - -) denotes a temporal average. Because the normal modes behave
like independent harmonic oscillators, we have from the statistical ther-
modynamics of such an ensemble (Landau and Lifshitz, 1958)

fiw, ()
h( = ) (B2)

Comparing this with Eq. B1 yields the amplitudes o (¢) that is due to
thermal excitation at temperature 7. For «’s small enough, one obtains the
classical expression (Levitt et al., 1985)

<E>—222 T

a,(d) = (2ksT/Nw, (6))'". (B3)

The frequencies of F-actin are indeed within this classical range. Other
thermodynamic potentials are given in terms of the eigenfrequencies, simi-
lar to Eq. B2. For example, the Gibbs free energy associated with the
thermal vibrational motion of the fiber is given by (see, for example,
Hill, 1960)

w,(¢)

AG= 2 > ( + kT In(1 — ¢~ hou(@VaT) ) (B4)
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We can now compute time-averaged correlations between the
motions of monomers j and (j + n). Using Eq. 18, and the fact that
{cos(wt + B)cos(w’t + &), = (¥2)8,,, we get

<qjvqj 3 n,u)
=23 S @R 1 AnB)ALG) cosid + 0,,(8) + 5',(@) (BS)
¢ o

X cos((j + n)d + 6,,(9) + 8',(d)).

A second average can then be performed over random initial conditions,
i.e., over the phases 8’ (¢). This is also equivalent to averaging over
the location of the first monomer, j. We obtain

(G —) (B6)

= 72 5 @A DA, cosad + 0,,(6) — 6,,(0)),
¢ o

where the additional set of angle brackets denotes the spatial average.
Notice the independence from j of the result. As a special case, we obtain
the rms thermal fluctuation of the vth degree of freedom of a monomer:

(D) = 3 = 5 0,61 An@)® -
¢ o

Again, the result is independent of the position of the monomer in the
fiber.

This approach can be used to compute thermal fluctuations of in-
terest. For example, consider the twisting within a strand, Ay, (see
“Twisting within a strand”). Using the double average notation, we
express the fluctuation in Ay, as (see Eq. 38)

{AY) = L0n = 12 = 2€0va)) — ((ror22)s (B8)

where we have used the fact that there is no i dependence, because of the
spatial average. Now, from Egs. B6 and B7, and from vy, = g, (Eq. 2), we
obtain the final expression

1
€AV =33 S @, (P 14,,(6)1 %1 - cos24)
¢ (B9)
=3 3 ((Ay, (@)
¢ o

Here Ay (@) is the fluctuation in the twisting angle that is due to the
o branch of the normal modes at phase lag ¢. The final computation is
possible from a knowledge of the eigenvalues and eigenvectors, with
a () given by Eq. B3.
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